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STILLMAN’S QUESTION FOR TWISTED COMMUTATIVE ALGEBRAS
KARTHIK GANAPATHY
Abstract. Let An,m be the polynomial ring Sym(C
n ⊗ Cm) with the natural action of
GLm(C) . We consider a natural family of GLm(C)-stable ideals Jn,m in An,m, each
equivariantly generated by one homogeneous polynomial of degree 2 and show that the
regularity of this family is unbounded. Using this, we negatively answer a question raised
by Erman–Sam–Snowden on a generalization of Stillman’s conjecture.
1. Introduction
Let K be a field. Stillman’s conjecture asserts that the projective dimension of an ideal
in K[x1, x2, . . . , xn] generated by r homogeneous polynomials of degree ≤ d can be bounded
purely in terms of r and d and (crucially) independent of n, the number of variables. Cav-
iglia showed that Stillman’s conjecture is equivalent to the same statement with “projective
dimension” replaced by “regularity” (see [MS13], Theorem 2.4). A positive answer to Still-
man’s conjecture first appeared in [AH19] and two more proofs appeared in [ESS19a]. The
purpose of this short note is to answer the following question raised by Erman–Sam–Snowden
generalizing Stillman’s conjecture:
Question 1.1 (see Question 5.6 in [ESS19b]). Let An be the twisted commutative algbera
Sym(Cn⊗C∞). Is there a function N(d, r) such that the regularity of I is less than N(d, r)
for every GL-ideal I equivariantly generated by r homogeneous polynomials of degree ≤ d in
any An?
A twisted commutative algebra (tca) A is a commutative C-algebra equipped with an
action ofGL∞ =
⋃
n≥1GLn(C) under which A forms a polynomial GL∞ representation (see
§8 of [SS12] for details). A GL-ideal of A is an ideal of the C-algebra A stable under the
action ofGL∞. We say that aGL-ideal I is equivariantly generated by elements f1, f2, . . . , fr
in A if the smallest GL-ideal containing f1, f2, . . . , fr is I. The only tcas considered in this
note are the free tca’s generated in degree one, namely, An = Sym(C
n ⊗C∞).
Resolutions of nonzero properGL-ideals in An are always infinite. Therefore, the “projec-
tive dimension” version of Stillman’s conjecture does not apply. However, these resolutions
exhibit strong finiteness properties. For instance, the regularity of an ideal is finite, and each
linear strand of the Betti table is “finitely generated” in a suitable sense (see §7 in [SS19]).
One proof of Stillman’s conjecture in [ESS19a] crucially relies on the fact that the param-
eter space of ideals generated by r generators of degree ≤ d in any K[x1, x2, . . . , xn] is a GL-
noetherian topological space by [Dra19]. The space parametrizing GL-ideals equivariantly
generated by r homogeneous polynomials of degree ≤ d in any An is also a GL-noetherian
topological space by [Dra19] (see also §2 in [ESS19b]).
Given these parallels between ideals in polynomial rings and GL-ideals, it is reasonable
to expect a positive answer to Question 1.1. On the contrary, we show that the regularity
cannot be bounded even when d = 2 and r = 1, that is, for GL-ideals generated by one
degree 2 polynomial. We now explain the key idea behind our counterexample.
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A tca (and its GL-ideals) can be viewed as a polynomial functor on C-vector spaces (see
§8 of [SS12]). If In ⊂ An is a GL-ideal, then treating them as polynomial functors, we set
An,m = An(C
m) and In,m = In(C
m). An,m is the polynomial ring in nm variables with an
action of GLm(C) and In,m is a GLm(C)-stable ideal of An,m. Furthermore, if one takes a
minimal free resolution of In as an An-module and evaluates it at C
m, one obtains a minimal
free resolution of In,m as an An,m-module. This implies that the regularity of In,m is less
than or equal to the regularity of In. In the next section, we explicitly construct a family of
GL-ideals Jn ⊂ An each equivariantly generated by a homogeneous polynomial of degree 2
and prove the following result about the family Jn:
Theorem 1.2. There exists a function g : N → N such that lim supn→∞ g(n) = ∞ and
Jn,g(n) is generated (as a usual ideal of An,g(n)) by
g(n)(g(n)+1)
2
homogeneous polynomials of
degree 2 which form a regular sequence.
From this, it is easy to see that the regularity of the family Jn is unbounded. Indeed,
since Jn,g(n) is generated by a regular sequence of quadrics, it’s regularity is seen to be
exactly g(n)(g(n)+1)
2
using the Koszul complex. This implies that the regularity of Jn is at
least g(n)(g(n)+1)
2
, which is an unbounded function of n. Therefore, assuming Theorem 1.2,
we have proved:
Corollary 1.3. The answer to Question 1.1 is no.
After a preliminary version of this paper appeared, Steven Sam pointed out that the ideals
Jn were previously considered in Section 4 of [SSW13] and in fact, one can take g(n) = ⌊n/2⌋
by Lemma 4.2 in loc. cit. (which is stronger than our main result). However, we include
our original proof of Theorem 1.2 as our approach is considerably different, and is related
to the methods used in [ESS19a]. Our method also generalizes to all degrees d > 1 (see
Remark 2.3).
Remark 1.4. Peeva asked an analogue of Stillman’s question for exterior algebras. This
was answered negatively in [McC19], where the counterexample is also a family of principal
ideals generated in degree 2 (see Remark 2.3). The regularity is shown to be large by proving
that the generation degrees of the first syzygy is unbounded; in the family we construct, we
prove that regularity is large by “isolating” a non-zero diagonal of large length in the Betti
table. It might be interesting to see whether the first syzygies of our counterexample are
generated in unbounded degree as well. 
Acknowledgements. The author thanks Andrew Snowden for introducing him to the prob-
lem, and patiently explaining the foundations of representation stability. The author also
thanks Anna Brosowsky for answering many questions about Macaulay2 and Singular.
2. Proof of Theorem 1.2
Let An be the tca Sym(C
n ⊗ C∞) which we identify as C[xi,j|1 ≤ i ≤ n, j ∈ N] with
the natural GL∞ action. Under this identifcation, An,m = An(C
m) is the polynomial ring
C[xi,j |1 ≤ i ≤ n, 1 ≤ j ≤ m]. There is a grading on An given by deg(xi) = 1 which descends
to An,m as well.
Definition 2.1. The strength of a homogeneous polynomial of f ∈ An,m with deg(f) ≥ 2 is
the minimal integer k such that f can be written as
∑k+1
i=1 gihi for homogeneous polynomials
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gi, hi ∈ An,m with deg(gi), deg(hi) > 0 for all i. The collective strength of a collection of
homogeneous polynomials f1, f2, . . . , fn of degree ≥ 2 is the minimal strength of a non-trivial
homogeneous C-linear combination. 
Remark 2.2. The strength of a quadratic polynomial Q is ⌈ rank(Q)
2
⌉ − 1, where rank(Q) is
the rank of Q considered as a quadratic form. 
For each n, let Jn be the GL-ideal of An equivariantly generated by x
2
1,1+x
2
2,1+ . . .+x
2
n,1.
Let Jn,m := Jn(C
m) ⊂ An,m. It is easy to see that the ideal Jn,m is minimally generated (as
a usual ideal of An,m) by fn,i,j = x1,ix1,j + x2,ix2,j + . . . xn,ixn,j for 1 ≤ i ≤ j ≤ m. By the
preceding remark, the strength of fn,i,j is exactly ⌈
n
2
⌉ − 1 if i = j, or exactly n− 1 if i 6= j
Let Fn,m denote the sequence fn,1,1, fn,1,2, . . . fn,m,m in An,m. The length of Fn,m is
(
m+1
2
)
. It
is clear that if Fn,m is a regular sequence, then so is Fn,m−1.
Proof of Theorem 1.2. Let g(n) to be the maximum m such that Fn,m is a regular sequence
in An,m. Since the length of a regular sequence (consisting of homogeneous polynomials) in
a graded ring is at most the dimension of the ring, we have f(n) ≤ 2n−1, and in particular,
g(n) is finite. We will prove that g(n) is unbounded. If not, then there exists a k such that
Fn,k is not a regular sequence in An,k for all n. So for each n, we have
(
k+1
2
)
homogeneous
polynomials of degree 2 which do not form a regular sequence. By Theorem 1.6 in [ESS19a],
there exists an N such that the collective strength of Fn,k is less than N − 1 for all n. We
will show that the collective strength of F2N,k is atleast N − 1.
Let Q =
∑
1≤i≤j≤k αi,jf2N,i,j be an arbitrary C-linear combination of the elements of F2N,k
such that strength of Q is less than N − 1. We can write Q =
∑N−1
i=1 GiHi, where Gi and Hi
are linear forms. If αi,i 6= 0 for some i, by substituting xs,t = 0 for all variables with t 6= i we
get, αi,if2N,i,i = Q˜ =
∑N−1
i=1 G˜iH˜i where Q˜ is the polynomial obtained by substituting xs,t = 0
if t 6= i in Q (and similarly for Gi and Hi). If all of the αi,i = 0, then choose i, j such that
αi,j 6= 0. As before, by substituting xs,t = 0 if t 6= i, j, we get, αi,jf2N,i,j = Q˜ =
∑N−1
i=1 G˜iH˜i,
where Q˜ is the polynomial obtained by substituting xs,t = 0 if t 6= i, j (and similarly for Gi
and Hi). Therefore, we see that the strength of either f2N,i,i or f2N,i,j is less than N − 1, but
the strength of both these polynomials is at least N − 1, a contradiction. 
Remark 2.3. Our counterexample generalizes to all degrees d > 1. Let Jn be the GL-ideal
equivariantly generated by fn = x
d
1,1 + x
d
2,1 + . . .+ x
d
n,1 in An. The strength of the collection
{fn}n∈N is unbounded. Using this, one can suitably modify the above proof (and theorem
statement) to obtain an unbounded function g(n) as before. Therefore, the regularity of
this collection of ideals, each equivariantly generated by one degree d polynomial, is also
unbounded. 
Our proof suggests that instead of trying to bound the regularity, one could attempt to
bound the generation degree of the i-th syzygy for a fixed i. More precisely,
Question 2.4. Is there a function N(i, d, r) such that the generation degree of the i-th syzygy
of I is less than N(i, d, r) for every GL-ideal I equivariantly generated by r homogeneous
polynomials of degree ≤ d in any An?
As a first step, one could try to determine whether the first syzygies of our counterexample
are generated in bounded degree or not (see Remark 1.4).
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